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In the framework of a relativistic quark model constructed in an infinite momen- 
tum frame, corrections of the order of v'^/(? are obtained in the formulas which ex- 
press amplitudes of the transitions ipi^ip') vdv'Jlj Xj ~^ i^li i^' ~^ Xjli ~^ Vdi 
77' — i> /i^7 through overlap integrals / (j)*j{q)(j)i{q)dq, J (f)*j{r)r(f).i{r)dY. These correc- 
tions lead to a considerable suppression of V{%1) — > 77^7), however, they are insufficient 
to remove the existing disagreement of quark model predictions with experiment. 
Taking into account the relativistic corrections, the ratios of overlap integrals for 
Xo i^ly X2 ~^ ^7 i^' ~^ Xo75 i^' ~^ X2I transitions are extracted from experi- 
ment; the obtained results are compared with quark model predictions. 
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1 Introduction 

In addition to the mass spectrum of qq - states, which is a good laboratory for 
understanding of interquark forces, the quarkonium single-photon transitions also 
provide sensitive tests for potential models. Recently a considerable progress has 
been achieved in the experimental investigation of the widths of charmonium radiative 
transitions due to the more precise measurement of the width [1] and due to the 
first measurements of the Xd Xc2 widths [2] as well. The further progress in the 
investigation of the charmonium radiative transitions will be available at tau-charm 
factories where along with more precise measurements of the Xj ^ V'' ~^ Xjli 
i\} 1]^^ decay widths, the measurements of the radiative transitions of the missing 
7]'^ and recently discovered ^Pi{hJ [3] states rj'^j, 77^7, 77^ h^j) can be 

accessed. 

The present work is devoted to studying the relativistic effects in the above-listed 
charmonium radiative transitions, namely, the corrections of the order of v'^/c^ will 
be found in the formulas which express amplitudes of these transitions through the 
wave-function overlap integrals: 



The reasons, why such consideration is important, are following, (a) The relativis- 
tic effects in wave functions of charmonia are investigated in many papers (see, e.g., 
refs.[4-6]) within a two-component model for interquark interactions: short distance 
one-gluon exchange and long-range confinement; however, to calculate the amplitudes 
of radiative transitions in these papers formulas of nonrelativistic quantum mechan- 
ics are used, (b) In the quark model predictions for the overlap integrals (1) there 
are results, which depend weakly on the details in choosing of the potential and on 
the method of taking into account the relativistic corrections in the wave functions. 
These are ratios of the overlap integrals r/j for different states xj, which are close to 
the unity due to the small spin-orbit splitting of Xh, Xd X2- Moreover, the analysis 
of the results of rcf.[4,6] shows that the deviations of these ratios from the unity are 
hopefully predicted in the quark model. These are the overlap integrals Ifi for the 
transitions ip — > 77^7, ijj' — > 77^7, which are equal to the unity in nonrelativistic approx- 
imation; the relativistic corrections do not considerably affect these integrals due to 
the small spin-spin splitting generated by the one-gluon exchange in the L = char- 
monium systems. The ratios of the overlap integrals r/j for the transitions 7/^7 
and Xj i'li v'c ~^ ^i^d ip' ^ Xjl ^-^e close to the unity too, since the absence of 
significant long-range spin-spin forces, as is seen in the near degeneracy of and the 
Xj multiplet c.o.g., leads to near equality of the wave functions for and Xj- There- 
fore, for a comparison of these quantities with experiment it is especially important 
to take into account correctly relativistic effects in the amplitudes. 

The relativistic corrections in the amplitudes of charmonium radiative transitions, 
we will investigate within a relativistic quark model constructed in the light-front 
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dynamics in refs.[7,8] and formulated later in an infinite- momentum frame (IMF) in 
refs.[9,10]. It turned out that in the considered approximation (when only corrections 
of the order of j(? have been taken into account) the amplitudes of the transitions 
under interest are determined by the form factors which can be found using only 
linear in photon transverse momentum terms of the longitudinal components of elec- 
tromagnetic transition current. In ref.[8] it was shown, that the results obtained using 
these terms are consistent with relativistic invariance. 



2 Basic formulas and results 

The relativistic quark model [9,10] is constructed for the hadron radiative transi- 
tions A{P^ B{P') + 7*(-ftr) (in parentheses the momenta of particles are given) in 
the IMF, where the initial hadron moves along the z axis with momentum P — > oo, 
and the photon momentum components are K_l, Kz = —{fn'A ~ 1^% ~ K^)/4P, 
Kq = —Kz, = — K^^. In this frame (see also ref.[ll]), the space-time picture 
of the process for the longitudinal components of the electromagnetic current taken 
between hadron states with the helicities: A = ±Sa, A' = ±Sb, is the same as in 
the nonrelativistic quantum mechanics. The corresponding matrix elements have the 
following form [9,10]: 

^(P', A' = ±Sb I Jo,z \P,X = ±Sa) |p^oo= J (ir$^(M^)$B(M^')T, (2) 

T = Sp{U^{x„c^,J{TiyU{x,,c^,jU^{x,,q,jT\U{x„q,J}. (3) 

Here we have assumed, that the hadrons A,B are bound states cc, the quark 
momenta in the initial and final hadrons are parametrized in the IMF by: 

= XiP + , q'i = XiP' + q'i^ , i = c, c, 
Xc = l-x, Xc^x, qc± = -qc± ^ -q±, (4) 

q'c± = -q'c± = -q ±, q ± = q± + xK±, 

Mo and Mq are invariant masses of the systems of initial and final quarks: 

2 m'' + q^^ 2 + q^' 

m is the mass of the c quark. The introduced variables are related to the 4-momentum 
of the initial quarks in their CMS q{qj_, <iz, £) by: 

qz + e^ Mox, = + Mq = 2s. (6) 

In terms of variables x, q± and q the phase space volume dT has the form: 

(27r)-^dr = dx dq±/2x{l - x) = 2dq/Mo. (7) 
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In eqs. (2,3) we have taken into account, in accordance with the results of refs. [9,10], 
that the vertex functions of the hadron transitions to quarks in the IMF are related 
to the wave functions of quarks in their CMS by spin rotation given by the Melosh 
matrix: 

_ m + MpXi + ieimcriqim .^x 
""^"^^'"l^-^- [(m + Mox,)^ + qf]V2' 

r are the spin-orbit parts of these wave functions in the CMS of quarks: 

r.. = ^, rJ = ae/VV2, r,^ = y|ne,(^), (9) 

(n = q/q). $(Mq) are radial parts of wave functions which in the present work we 
take in the form corresponding to the oscillator potential: 

^Vfe)(^o)/\A^~ exp(-MoV4a2) ^ exp(-gV«'), 
$;,(,j(Mo^)/0Wo ~ q exp{-M^/W), (11) 
^^'iv'j{K)/\fM'o ~ (g2 - ^a^)exp{-M^/Aa^). 

This permits us to make calculations analytically and obtain the contribution of 
relativistic corrections into transition amplitudes in an explicit form. 

The widths of the considered decays are related to the amplitudes corresponding 
to the Ml and El transitions via: 

rixj ^ i^l) ^ a - u;'\El\^ (13) 
m ^ X.l) = a f/-^ u^'m^ (14) 
nK^ri^^)^a^oj'\El\^ (15) 

r« - K^) = a uj'\El\'. (16) 

In the nonrelativistic approximation these amplitudes are equal directly to the 
wave-function overlap integrals: Ml{nonrel) = I^-, El{nonrel) — r^^. Let us note, 
that the functions (f){r) and (f){q) ~ $(Mq)/\/Mo are radial parts of wave functions 
in the momentum and coordinate representations, which are normalized by: 

/ \4>{r)\'dv^ I mi'dci^ I \mo)\'dr^l. (17) 



In order to take into account the relativistic effects, one sfiould find relativistic 
corrections in formulas expressing tlie amplitudes Ml and El through the overlap 
integrals /^^ and r^.. In addition, the contributions corresponding to M2 transition 
in the Xi ~^ ''Pli i^' ~^ Xil decays and to M2 and E3 transitions in the X2 ~^ '4^1-1 
"0' ~^ X2I decays, should be taken into account. These contributions are suppressed 
as compared to the contribution of El as /w?, where u — {ml — m'j:)/2mi. For 
the oscillator potential, this is the value of the order of (a/m)^. Therefore, in the 
considered approximation (when we take into account only corrections of the order 
of v^/c^ ~ /w?) these contributions should be neglected. In this approximation 
amphtudes Ml and El are equal to the form factors corresponding to the following 
relativistic - covariant expressions for the matrix elements of the electromagnetic 



current: 

^ 7^,7 : {PV^P, A) = e |M1 e^.^XP" <a), (18) 

K - V.l ■■ {PV,\P, A) = e ^^El [eW(PK) - P,{Ke^''% (19) 

Xo ^ V^7 : {P', AV,|P) = e ^El [e^^\PK) - P,iKe(^'% (20) 

X, - ^7 : {P', X'lMP, A) = e ^ ^^El ^i^^ef,,) e^^, (21) 

X.^^i: {P', X'lMP, A) = e ^^El [ e^^){KP) - P^eW^I e^,,). (22) 

It can be easily seen that all these form factors, except that for the xi ~^ ^7 
transition, can be found using the relations (2,3) from the following matrix elements: 

^(A,, = 0| Jo|A^ = 1) = ie ^(M1)X„ (23) 

^(A,, = 0| Jo|A,^ = 1) = ^ /I 1^^- (24) 
^(A^ = 1| Jo|A^^ = 0) = e ^{El)K,, (25) 
^(A^ = 1| JolA;,^ = 2) = e ^K,- (26) 



The amplitude El for the Xi V'7 transition can not be found from relations 
(2,3) in the leading over P order; therefore, in the considered approach we can not 
obtain reliable results for this transition. From the relations (23-26) it is seen, that 
all Ml and El amplitudes for remaining transitions are determined by the linear 
over terms of the matrix elements (2). To find these terms, one should keep in 
$a(Mo ^) only the terms of the order of {Kjf and K^: 



+ 



[1 — qz/m)a^ Arm? 



(27) 
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and write the quantity T in the form: 
where 

Ic= U{xc,c^^jU+{xc,qcJ = 1 + ^^ 

Ic = U(xc, qc^)C/+(xc, q'c^) = 1 + 

Further, using the formulas (2,3,23-29), it is easy to obtain: 

^ 3^2 \ 



Kx 








Am 




Sm^ 






^ 2m 




4m 


Sm"^ 



^y 



Sm^ 



Am^ j ' 
12 m2 j ' 



^ X27) ^J^x^v-' 1 



5 a2 

6 m^ 



(28) 
(29) 

(30) 

(31) 
(32) 
(33) 

(34) 

(35) 

(36) 



3 Comparison with experiment and discussion 

To demonstrate the role of the relativistic effects in the amplitudes of the Xa ^ V'75 
X2 ''Pi and ip' — > Xo7, tp' — > X2I transitions we have presented in table 1 the 
ratios of the overlap integrals for these transitions extracted from experiment [12] 
using the nonrelativistic formulas and the formulas (32,33), (35,36). It is seen that 
the relativistic corrections change the ratios ?"VX()/^V'X2 ^"^^ ^XoV''/''"x2V'' opposite 
directions. This seems to be right from the point of view of agreement between the 
quark model predictions [4,6] and experiment. However, the experimental errors are 
large and for strict conclusions new measurements are necessary. 

The results for the 77^7 transition are presented in table 2. The typical for 
the potential models value: m = 1.6 GeV [4-6,13-15], is used for the c-quark mass. 
To demonstrate the dependence on this mass the results obtained with m = 1.8 GeV 
are also presented. For / m^ the value giving the correct mean magnitude of / m^ 
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in ■0: c^jn? — |(g^/m^)^ = 0.3 [13-15] is taken. It is seen that the relativistic 
corrections act in right direction leading to a suppression of flcl)'i however, 

they are insufficient to remove the existing disagreement of the nonrelativistic quark 
model prediction with experiment. The disagreement can be removed, if we take 
larger c-quark masses, m > 1.8 GeV, which can be accommodated by introducing a 
negative additive constant in the potential. However, to make a reliable conclusions 
on the c-quark mass, we need improved mcasiucments of r[i/j — > 77^7) with a better 
statistics. Such measurements are an important experimental goal, as the QCD sum 
rules predictions [16,17] (see table 2) also exceed the experimental data. 
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Table 1. The ratios of the wave-function overlap integrals for the 

Xo ~^ V'Ti X2 '07 "0' ~^ Xol, "4^' ~^ X2I transitions extracted from exper- 
iment [12] in comparison with the quark model predictions [4, 6]: (a) the results ex- 
tracted using nonrelativistic formulas, (b) the results extracted taking into account 
relativistic corrections by the formulas (32,33) and (35,36). 



Overlap 
integral 
ratios 


(a) 


(b) 


Quark model predictions 


[4] 


[6] 


''V'X2 


0.98 ±0.23 


1.06 ±0.25 


1.03 


1.02 


''xo'/'' 


0.83 ±0.05 


0.77 ±0.05 


0.81 


0.76 



Table 2. Our results for r('0 rjc'f) in comparison with QCD sum 

rules predictions and experiment. In parentheses the nonrelativistic quark model 
predictions are given. 



Our results 


QCD sum rules 


Experiment 


m = l.GGeV 


m = l.SGeV 


1.8 - 2.0KeV 

[16] 

2.6±0.5KeV 
[17] 


1.14±0.3ire\/ 
[12] 


2MKeV 
{2.63KeV) 


l.QSKeV 
{2MKeV) 
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